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In this note we give the definition of the "doubling operation" for simple polytopes, find the formula 
for the /i-polynomial of new polytope. As an application of this operation we establish the relationship 
between moment-angle manifolds and their real analogues and prove the toral rank conjecture for 
moment-angle manifolds Zp. 

Let P be a simple n-dimensional polytope with m facets: 

P = {x G R™ j (x, at) + bi ^ 0, a, 6 I", i = 1 . . . m}. 

Then P can be identified with the intersection of the positive orthant R™ and the image of the affine 
map ip : R n — > R m , ip(x) = Ap(x) + bp, where Ap ismxn matrix with rows at and bp is column 
vector (6i, . . . , b m ). Suppose the image of the map ip is specified by the system of m — n equations in 

R m : 

m 

(l) X/'- ''■ i = •i m_ «- 

i—l 

Then the image of the polytope P under map ip is the set of points p G 1R> satisfying this equation. 

Definition 1. The double of the polytope P is the polytope L(P), given by the system of equations 
in R?™ : 

m 

^2cj,i(xi + Xi) = qi, j = l,...,m-n. 

i=l 

It is easy to see that L(P) is (m + n)-dimensional simple polytope with 2m facets, and L(P X Q) = 
L(P) x L(Q). If {vi, . . . , v m } is the Gale diagram of P (see [5]), then {vi,vi, . . . , v m , v m } is the Gale 
diagram of L(P). 

Let f n -i,i denote the number of faces of dimension n — i. Then define the /i-polynomial by the 
equation h(P)(a,i) = f(P)(a-t,i), where f(P)(a,i) = a n + jW-i.ia™ -1 * + •• ■ +fo, n t n . 

Lemma 2. h(L(P))(a,t) = J2 (-l) codim G (Qt) codimG (a + t) m ' codimG h{G){a, t), where G ranges over 
the set of the faces of the polytope, including P itself. 

Let (P,d) denote the differential ring of simple polytopes, [5]. Multiplication in V is given by the 
product of polytopes, the sum is formal, and the differential is given by the formula d(P) = ^2 Ft, 
where the right side is the sum of the facetes of P. Let h : V — > Z[a, t] be the ring homomorphism 
determined by the /i-polynomial, then h(d(P))(a,t) — (d a + dt)h(P)(a,t), 2" . This fact allows to 
reformulate lemma 2: 

h(L(P))(a, t) = (a + t) m (J2 —^r^y^ + + d tY) KP){^ <)• 

The differential operator in brackets is multiplicative, so it is determined by its value on generators a 
and t. 

Theorem 3. h{L(P)){a,t) = (a + t) m - n h(P)(a 2 , t 2 ). 

Now let us consider the example of the application of the "doubling operation". 

Definition 4. Let fi : C m — ► R™, • • • , z m ) = (|zi| 2 , . . . , |^m| 2 ) be the projection on the orbit 

space of the standard action of T m . Moment-angle manifold Zp is the set jj,~ 1 (ip(P)), (see. [3]). 
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Definition 5. Let 7r : R m — > R™, 7r(xi, . . . , x m ) = {xi, ■ ■ ■ , ^m) be the projection on the orbit space 
of the standard action of Z™. Real moment-angle manifold Rp is the set 7r -1 (ip(P)). 

There is natural action T m : Zp and the orbit space of this action can be identified with P. Similarly 
there is action Z™ : Rp. The simpleness of P implies the existence of the structure of a smooth manifold 
on the spaces Zp and Rp, [3]- 

Toral rank conjecture, 4 . Let X be a finite-dimensional topological space. IfT r acts on X almost 
freely, then hrk(X) ^ 2 r , where hrk(X) = £\ dimiT(X). 

Manifolds Zp provide big class of spaces with the action of m-dimensional torus, moreover the rank 
of subtorus in T m which acts almost freely equals m — s (see [l]). We show that hrk(Zp) ^ 2 m_ ", thus 
the toral rank conjecture holds for the moment-angle manifolds. 

Lemma 6. Any moment-angle manifold Zp is homeomorphic to the real moment-angle manifold Rp. 

Proof. Assume P is given by a system of the form (1). Then the definitions imply that the manifold 
Zp is given by the system of the equations in C m : 

m 

^c 3 ,ij2ij 2 = qt, j = 1, ...,m-n. 

i=i 

In the real coordinates Zi — Xi + y/— ly; we obtain the system: 

m 

^Tcj,i(Xi +yi) = qi, j = l,...,m-n, 
i=l 

which defines the manifold Rl(p) in R 2m . □ 
Theorem 7. The cohomology of an arbitrary real moment-angle manifold satisfy inequality hrk(f?p) ^ 

t^m — n 

The next lemma is a consequence of the Mayer Vietoris long exact sequence. 

Lemma 8. Let M be compact manifold with boundary. Denote by X the manifold obtained from the 
two copies of M by gluing them together along common boundary. Then hrk(X) ^ hrk(<9M). 

Proof of the theorem 7. The case n = 1 is trivial. Suppose the statement of the theorem is proved 
for the polytopes of the dimension n — 1. Let P be an arbitrary n-dimensional polytope. Let R+ = 
{x G R' n | xi ^ 0} and denote by M the manifold M = Rp n R"\ Then real moment-angle manifold 
is obtained from the two copies of M: Rp = M Ubm M. This decomposition satisfies lemma [8] thus 
hrk(7? P ) ^ hrk(<9M). 

Let us describe dM. By the definition of M, its boundary is RpCi{x £ R m | x\ = 0} = n- 1 (i P (F 1 ))- 
preimage of the facet F\, given by the vanishing of the first coordinate in R>, under the canonical 
projection on the orbit space. Hence 7r _1 (ip(Fi)) = Rf ± x Z*, where k is the number facets F of P 
such that FiDF = (thus, the number of facets of F\ equals m — k—1). By the assumption of induction 
hrk(<9M) = 2 fc hrk(i? Fl ) ^ 2 k ■ 2 (™-*- 1 )-(«- 1 ). Finally we have: hrk(i? P ) ^ hrk(9A/) > 2 m ~ n . □ 

Applying proved theorem and lemma [H] we obtain the following estimation for the cohomology rank 
of the moment-angle manifolds: hrk(Z P ) = hrk(i? L(P) ) ^ 2 2m ~ {m+n) = 2 m ~™, which implies the 
statement of the toral rank conjecture for the moment-angle manifolds. 

It should be noted, that there is a generalization of the above constructions for the simplicial 
complexes, which allows to prove the toral rank conjecture for the class of moment-angle complexes, 
see definitions in pQ. 

The author is grateful to T. E. Panov and S. Gitler for encouraging to consider the "doubling 
operation" . I would also like to thank V. M. Buchstaber and scientific adviser T. E. Panov for suggesting 
the problem and attention to the research. 
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